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Conway's Look and Say

The look and say sequence was first introduced by John Conway. Roughly speaking, the rule for
generating the sequence is “say what you see”.

Let’s look at a standard look and say sequence:
11 — 21 — 1211 — 111221 — 312211 — 13112221 — - - -

Conway estimated the ratio of the lengths of terms also called Conway’s constant to approach
1.303577269. . .

Conway discovered a beautiful structure of these look and say sequences that is ultimately gov-
erned by a linear transformation of a 92-dimensional vector space!

v/2-Binary Number System

We will write [m],, for i/2-binary representation of any integer m. When n = 2
12 = 1(v2)° + 0(v2)” + 1(v2)* + 0(v2)? + 0(v2)* + 0(v2)" + 0(v/2)"
12]5 = 1010000

let’s look at some more conversions:

Decimal Binary +/2-Binary +/2-Binary +/2-Binary

O O O O O

1 1 1 1 1

2 10 100 1000 10000

3 11 101 1001 10001

4 100 10000 1000000 100000000
5 101 10001 1000001 100000001

From the conversions above we can see that ¥/2-binary representations are obtained by inserting
n — 1 0's between each bit in binary representation. We can write {/2-binary representations in
exponent form. The exponents determine the number of consecutive 0's or 1’s. For example 1302
would represent 3 consecutive 1s followed by 2 consecutive 0's i.e 11100.

The Split Method

The splitting method is crucial to explaining look and say sequences. Let's look at a v/2-binary
look and say sequence with seed O:

0— 10 — 1110 — 101110 — 1110101110 — - -~

The sequence splits right between O and 1. The fourth term in the sequence is a combination

of elements 10 and 1110. Meanwhile, the fifth term in the sequence is made up of elements 10
and two 1110's.

v/2-Binary Look and Say Sequence With Seed o

Suppose n > 2 has the binary form 170%. Then the {/2-binary look and say sequence with
seed O splits into the given elements

Case 1: When j = 1, the frequent elements are e; = 10,e5 = 150, e3 = 10"~ L ¢y = 13071,
which decay as e; — €9, e9 — e3e9, €3 — 646§_261, eq — 636465_261.

Case 2: When 5 = 2, the frequent elements aree; = 10, e9 = 190, €3 = 10"—1 and ey = 1302n—1

: k—1 k+1
which decay as e; — e9, €9 — e3e9,e3 — e4e5 €1, and e4 — 3™ “egeq.

Case 3: When j > 2, the frequent elements are e; = 10, eg = 130, e3 = 10" L ¢4 = 10471 and

es = 130" =L which decay as e; — e9,e9 — e3e9, 3 — e5e‘§+ - Teqeq, €4 — e5e§+ -~ “eqeq and

ey — €%+- e5eqé].
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Characteristic Polynomials and Growth Rates

To estimate the growth rate of the sequence, we can encode the frequent elements into a k£ x &
decay matrix where k is the total number of frequent elements. The characteristic polynomials
that we obtain from decay matrices gives us eigenvalues. The ratio of the length of the terms of
the look and say sequence approaches the maximal real eigenvalue.
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Characteristic Polynomials:

Case 11 =M (=A2 4+ kX +2 — k)

Case 2: M — X3 — 202 — N3+ kX2 + .

Case 3: jA  — A3 — X0 = A 44X — A2 4 kAt — k)P

k+ k2 — 4k + 8

We find that the maximal real eigenvalue for case 1 is A = 5
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In case 2, )\—i—\/_< il 7)+k+

3v/2 3a

where

_ {)/(215» — 32+ 3v/3V/ — k1 + 2k3 — 15k2 + 14k — 49 4 15k — 7

Cosmological Lemma

We refer to the terms as n-days-old if they appear after nt" decay in the sequence. We prove
that no more than 3 consecutive 1’s will appear in the /2-binary look and say sequence starting
from day one. Additionally, the number of consecutive O’s in a two day-old string are limited
tol,n,and m £+ 1for7 e N.

Cosmological Lemma: The decay of any one day old element 1%0% will have less than z con-
secutive O’'s whenever 2" < 271 and 2z > n.

Cosmological Theorem

The Cosmological Lemma allows us to determine finite number of seeds that one needs to check
to find all persistent elements in any v/2-binary look and say sequence. The following theorem is
an example.

Cosmological Theorem for n=4: Terms of any v/2-binary look and say sequence are eventually
compounds of the 12 elements found in the table. Relative abundances and decay of the se-
quence Is also found below.

Element String Abundances Decay
er 1°0H 0 eserese]
Flement String Abundances Decay e 1°0” 0 eseseq
e 10 25 €9 e- 1°07 0 e3e1e3€]
€9 1°0 25 €3€9 €s 140° 0 e11€s€q
€3 10° 25 eqeq] €g 140 0 e11€9
e4 1°0° 25 eseqeq €10 14 0 €11€12
e11 0 €6
€19 0 e1()
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